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ABSTRACT 


1-’  The  development  of  the  general  stiffness  coefficients 
and  load  constants  are  presented  for  the  flat  Pratt  and 
gabled  Pratt  truss  frames.  The  stiffness  coefficients  and 
load  constants  are  derived  through  the  application  of  the 
theorem  of  least  work. 

The  elemental  stiffness  matrices  for  the  flat  and 
gabled  Pratt  truss  frames  are  assembled  using  the  respective 
stiffness  coefficients  for  each  type  of  truss. 

Tv/o  examples  illustrate  the  procedures  for  computing 
numerical  solutions  for  each  type  of  truss  frame. _ 
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CHAPTER  1 


Introduction 

1 . 1  Concept  of  the  Truss  Frame 

The  truss  frame  is  described  as  a  structural  steel 
framing  system  utilizing  a  truss  as  the  load  carrying 
horizontal  member  supported  at  its  ends  by  columns.  The 
truss  frame  has  historically  been  utilized  in  what  some 
authors  and  designers  have  referred  to  as  "industrial 
buildings."  Though  these  buildings  are  typically  single 
story  structures  in  which  the  roof  is  supported  by  the 
upper  chords  of  the  truss,  the  truss  frame  concept  can 
also  be  incorporated  into  multi-story  buildings  as  well. 
Figure  1.1  shov.'s  several  examples. 

The  truss  frames  are  generally  lighter  in  weight  than 
the  typical  beam-column  framing  system  and  thus  provide  a 
cost  savings  in  material.  In  addition,  due  to  the  high 
stiffness  of  the  truss,  truss  frame  structures  typically 
can  span  longer  distances  and  therefore  provide  for  larger 
open  floor  areas  free  of  interior  support  columns  found  in 
most  standard  beam-column  structural  framing  systems.  The 
truss  frame  structure  is  generally  best  utilized  when  the 
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clear  span  column  spacing  is  greater  than  40  feet  but  not 
larger  than  120-140  feet  (White  &  Solman,  1987) .  Normally 
for  spans  of  less  than  40  feet,  many  designers  recommend 
the  use  of  standard  wide  flange  sections  in  a  standard 
beam-column  frame  since  these  sections  are  readily 
available  from  standard  steel  pre-engineered  building 
supply  companies.  For  shorter  spans,  the  use  of  the  truss 
frame  in  steel  weight  is  normally  offset  by  the  increased 
cost  of  labor  to  manufacture  the  truss,  especially  if  done 
so  as  a  special  order.  The  designer  should  check  v/ith  a 
standard  products  supplier  to  see  if  the  shorter  truss  is 
readily  available,  if  rhey  in  fact  feel  justified  in  its 
use  for  spans  shorter  than  40  feet. 

1 . 2  Classification  of  Truss  Frames 

There  are  as  many  variations  of  the  truss  framed 
structure  as  given  by  the  style  of  truss  used.  Examples 
of  the  variations  include  the  Warren,  Fink  (or  V'J)  ,  Pratt, 
and  Howe.  Each  of  these  in  general  refer  to  the  geometric 
configuration  of  the  web  members  of  the  truss. 

There  also  are  variations  in  the  truss  frame  given  by 
the  geometric  shape  of  the  frame,  also  referred  to  in  some 
texts  as  a  bent.  These  variations  include  the  single 
story  and  multi-story  previously  mentioned,  the  multiple 
bent  given  by  the  use  of  interior  supporting  columns,  and 
geometric  shape  variation  given  in  the  use  of  the  gabled. 
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flat,  flat-cambered,  and  arched  truss.  (See  Figure  1.2 
for  examples  of  the  various  shapes  and  styles  of  trusses.) 

The  choice  as  to  which  truss  frame  shape  is  used  is 
normally  one  of  architectural  aesthetics  or  simply  one  of 
ov/ner's  preference.  The  selection  of  which  truss  type 
used  is  norm.ally  a  preference  of  the  designer.  Hov/ever, 
the  Warren  and  Pratt  are  used  most  for  flat  roofs  while 
the  Fink  and  Pratt  styles  are  used  most  for  the  large  rise 
gabled  roofs  (White  &  Solman,  1987) . 

1 . 3  Historical  Background 

Early  examples  of  truss-frame  structures  include 
steel  mills,  train-locomotive  repair  and  maintenance 
shops,  automotive  assembly  plants,  and  aircraft 
maintenance  facilities  and  factories.  Each  of  th.ese 
examples  typifies  the  requirement  for  a  large  open  floor 
space  v/ith  adequate  overhead  space  to  allov/  the  use  of  an 
overhead  traveling  crane  (Grinter,  1955)  . 

Other  applications  and  benefits  of  the  truss  frame 
can  also  be  seen  for  smaller  scale  manufacturing  plants, 
commercial  retail  sales  buildings,  and  warehouses. 

Through  the  use  of  the  truss  frame,  the  interior  columns 
are  eliminated  or  at  least  significantly  reduced.  In  the 
case  of  its  use  in  a  warehouse,  this  reduces  the  num.ber  of 
obstacles  which  forklift  operators  and  delivery  trucks 
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6 

navigate  around  and  thus  reduces  the  opportunity  for 
structural  damage  to  occur  to  the  structure  caused  by 
impact  on  the  columns  from  forklifts  and  trucks  operating 
in  the  warehouse.  In  the  case  of  the  commercial  retail 
sales  facilities,  the  use  of  the  truss  fram.e  allows  the 
building  owner  to  erect  a  clear  span  facility  without  the 
•worry  of  interior  columns  dictating  the  final  layout  of 
equipment  or  manufacturing  processes.  In  the  case  of  the 
commercial  property  development  companies  'who  lease  their 
buildings  to  other  users,  the  benefit  of  the  clear  space 
offered  by  the  truss  frame  allows  the  developer  to 
construct  the  facility  without  limiting  the  use  or  layout; 
of  the  facility  because  of  interior  column  ccnstraints. 

It  should  be  pointed  out,  however,  that  j,f  the  end  user 
intends  to  suspend  mechanical  equipment  such  as  an 
overhead  hoist  from  the  truss  or  other  special  m.echanical 
systems  not  initially  included  in  the  designer's 
calculations,  a  design  investigation  will  be  required  to 
determine  what,  if  any,  structural  changes  and 
modifications  will  be  required  to  accommodate  the  special 
equipment  and  associated  loadings. 


CHAPTER  2 


Stiffness  Coefficients  and  Load  Functions 
2 . 1  Introduction  to  the  Load  and  Stiffness  Coefficients 

The  load  and  stiffness  coefficients  for  a  parallel 
(flat)  Pratt  truss  and  a  gabled  truss  are  derived  in 
Sections  2.2  and  2.3,  respectively. 

The  development  of  the  load  and  stiffness 
coefficients  follows  the  derivation  of  the  slope- 
deflection  equations  contained  in  the  unpublished  Masters 
of  Science  theses  of  Morrisett  (1957)  and  Smith  (1957) , 
prepared  at  the  School  of  Civil  Engineering,  Oklahoma 
State  University,  in  1957  under  the  direction  of  Dr.  J. 
Tuma . 

The  derivations  are  based  on  the  energy  methods  of 
Castigliano' s  theorem  of  least  work.  In  each  of  the 
derivations,  the  properties  of  the  elastic  center  are 
employed  in  order  to  simplify  the  number  of  terms 
contained  in  the  deformation  equations. 

The  necessary  changes  have  been  made  to  the  slope — 
deflection  derivation  to  reflect  the  stiffness  sign 
convention  defined  by  Dr.  J.  Tuma  (1987) .  Also,  several 
symbols  in  the  nomenclature  in  the  original  theses  are 
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changed  to  simplify  or  clarify  the  equations  and  to  once 
again  conform  to  the  sign  convention  used  by  Dr.  Tuma 
(1987)  . 

The  final  load  and  stiffness  coefficient  equations 
are  located  at  the  end  of  each  section  and  are  presented 
in  a  tabular  form. 

The  load  and  stiffness  coefficients  for  the  truss 
frame  columns  are  not  derived  in  this  paper.  Their 
derivation  is  contained  in  several  structural  analysis 
text  books  offered  at  the  undergraduate  level,  follov/ing 
the  standard  beam  analogy.  The  load  and  stiffness 
coefficients  for  the  columns  are  presented  in  tabular  form 
in  Section  2.4. 

2 . 2  Derivation  of  the  Load  and  Stiffness  Coefficients : 

Flat  Pratt  Truss 

2.2.1  Statics 

A  typical  flat  Pratt  truss  beam  removed  from  a 
continuous  elastic  system,  loaded  by  a  general  system  of 
forces,  is  shown  in  Figure  2.2.1.  The  truss  has  constant 
depth  and  is  fixed  at  both  ends. 

In  the  analysis  of  this  truss,  the  following 
assumptions  have  been  made; 

1.  All  members  are  connected  by  frictionless 
hinges . 
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2.  All  members  are  subjected  to  axial  forces  only, 
and  the  influence  of  shear  and  bending  moment  is 
neglected . 

3.  The  truss  and  the  loads  are  forming  a  coplanar 
system. 

4.  All  loads  are  applied  at  joints. 

5.  The  deformations  of  the  truss  are  elastic  and 
small . 

The  structure  has  four  reactions:  two  reactive 
forces,  R.^  and  ,  and  two  reactive  moments,  and  FM^^. 

The  problem  is  statically  indeterminate  to  the  second 
degree  and  requires  two  equations  of  deformation  to  form  a 
solution . 

The  general  displacements  of  the  supports  are  givo-n 
by  A.,,  3.  and  0^.  Figure  2.2.2  shows  the  free  body 

sketch  of  segments  AC  and  CB.  The  resultant  of  the  loads 
corresponding  to  part  AC  and  CB  are  denoted  by  and  IF, 
respectively.  The  redundant  forces  at  the  center  of  the 
cross-section  are  and  M^h.  Assuming  all  displacements 
and  reactions  are  positive  and  using  conditions  of  static 
equilibrium,  the  end  reactions  of  parts  AC  and  CB  are: 


=  w. 

M 

“ab 

=  -  +  aV 

0  0 

+  cr-1 

Rbv 

=  w., 

c 

-  ''^0' 

M 

“ba 

4-  av  - 
0  0 

(1) 
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Figure  2.2.2  Free-body  trusses  AC  and  CB  v.’ith  displaced 

internal  forces 


CM^(.  and  CMgj,  are  the  cantilever  moments  at  c  due  to  W,  and 
W2,  respectively.  Since  there  are  no  horizontal  loads 
applied  to  the  truss,  and  R^^  =  0. 

The  normal  force  for  any  member  in  the  truss  due  to 
the  applied  loads  and  the  redundants  is: 

N.  =  SN,  +  a,.H^  +  +  y.M^  (2) 

where  SNj  =  normal  force  in  a  given  member  due  to 
loading  on  the  truss 

Uj  =  normal  force  in  a  given  member  due  to 
Ho  =  1 

p.  =  normal  force  in  a  given  member  due  to 
Vo  =  1 

and  Yj  =  normal  force  in  a  given  member  due  to 
=  1 

Due  to  the  geometry  and  loadings  of  the  truss,  the 
axial  deformation  and  normal  force  due  to  will  be 
neglected.  As  such,  =  0  will  be  eliminated  at  this 

point  in  the  derivation. 

2.2.1  Least  Work 

The  Principle  of  Minimum  Potential  Energy  is  given  as 
u,  =  (3) 

Where  =  the  external  work 

and  Uj  =  the  internal  work 

The  internal  work,  Uj,  is  formed  by: 


where 


Ug  =  the  strain  energy  of  the  structure 

=  the  strain  energy  due  to  volume  change 


The  energy  due  to  volume  change  will  be  neglected.  Only 
energy  of  normal  forces  will  be  considered.  Hence, 
Equation  (3a)  becomes: 

B 

U,  =  =  2  -  (3b) 

2AjE 

A 

where  =  length  of  any  member 

A-  =  cross-sectional  area  of  any  member 
and  E  =  modulus  of  elasticity 

If  we  let  1,  =  Lj  ,  then  Equation  (3b)  may  be  rewritten  as: 
A.E 

B 

N.^l. 

U,  =  U3  =  2  -  (3C) 

2 

A 

The  external  work  is  given  by: 

Ug  =  (3d) 

B  B 

where  =  2  Wa  +  2  we  =  work  due  to  applied  loads 

A  A 

B  B 

and  =  2  Ra  +  S  Me  =  work  due  to  reactions 

A  A 

The  work  of  the  supports  in  terms  of  reactions  and 
displacements  given  by  Equation  (1)  is: 


Substituting  the  equivalents  for  each  of  the  reactions 
from  Equation  (1): 


U,  =  (W,  +  VJA,,  +  (-M„  +  av^  +  CM,,)0, 


(3e) 

+  (W2  -  Vo)^BY  +  (Mo  +  -  CMcb)0b 

From  Castigliano ' s  theorems,  the  first  partial 
derivative  of  the  strain  energy  of  a  truss  with  unyielding 
supports,  with  respect  to  a  redundant,  is  equal  to  zero. 
Allov/ing  displacement  of  supports,  we  have: 
oU_ 


cM. 


dM^ 

dU, 

S 

dV, 


(4) 


The  partial  derivatives  of  Equation  (3c)  with  respect  to 
each  redundant  are: 


dU 


d  M 


B 


A 


oN. 


dU^ 

dV 

0 


B 

Z  N, 
A 


B 


=  z  n.y,.a. 

A 


B 

=  2  N./?.A. 


A 


(4a) 


(4b) 


The  partial  derivatives  of  Equation  (3e)  with  respect  to 
each  redundant  are: 
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=  -  G,  +  0B 


'^AY  ^®8  ^EY 


If  V70  let  Ay  —  ^AY  ""  ^BY 


then , 


-  ~  ®A  +  ®B 


^  (0;^  +  ©r) 


2.2.3  Deformation  Equations 

Equations  (4)  in  terms  of  Equations  (4a,  4b,  4c,  4d) 

nay  nc-.v  bo  written  as: 

B  B 

-  G.  +  ©,  =  Z  SNjY.A,  +  r 

A  '  A  '  ‘ 


+  V  E  (S 

0  ^  t  ^  ]  1 

A 


A,  -  a(0^  +  0g) 


B  B 

E  Sli.B.X.  +  M  E  y.p  k- 

r  ]  1  0  ‘  ,  1 


A 

From  symmetry  of  the  truss  and  making  use  of  the 
properties  of  the  elastic  center: 


B  B 

E  y,/?,A,  =  E-  ^,YiA,  = 


0 


IG 


The  equations  in  (4e)  can  be  reduced  to: 

B  B 

-  ©A  +  ©8  =  ^  SN.y,-A,  +  E  Y.'A. 

A  A 


A,  +  a  (0^  +  eg)  =  E  SN./5,.X,  + 

A 


B 

A 


Denoting : 


Dg  =  E  SNjYjA,., 


=  E  SN,^.A,. 
A 


B 

2 


Z  /3/a. 


•.-.•nere 

=  truss  load  factor — rotations 
=  truss  load  factor — shear 
C-  =  truss  framing  constant — rotation 
=  truss  framing  constant--£hear 
Substituting  the  terms  into  Equation  (4f) , 
the  deform.ation  equations  become: 

-  ©,  +  0g  =  D,  + 

A^  +  a  (0,  +  65)  =  D,  +  V^C, 

Solving  these  tv;o  equations,  the  redundants  are: 

-  Dg  -  0,  +  0g 


A„  +  a  (0.  +  ©.)  -  D 


(5) 
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Substituting  the  results  of  Equation  (5)  into  Equation 
(1)  : 


AB 


''l 

+  a^ 

©A  + 

1 

1 

1  ^ 

0 

_ 

>- 

Uj 

C9> 

Cy 

(6) 


+  Dg  -  a 


M,,  = 

oA 


fa^  - 

0 

©A  + 

ri 

+  a^^ 

.©y 

C0> 

L©9 

©Y. 

®R  ^  (-^AY  ■  ■^By) 


^3Y  ^''2  “  ^AY  ~  ^8Y 


(7) 


Dg  a  ^^cb 


'-0  ^Y 

R^Y  =  Wl  +  '^AY  ~  ^BY  +  ^ 

c«  Cv  C, 


(S) 


a  {9.  +  Qa)  + 


—  (9) 

C. 


Note : 


If  the  truss  is  loaded  symmetrical  with  respect  to 
the  axis  of  symmetry  of  the  truss,  the  lead  constant  Dg 
v;ill  equal  zero. 


d 


1  8 


I 


<s 


g 

U 

Cj 

>, 

T! 

O 

(!) 

dJ 

>+-1 

i5 

C 

■p 

■p 

d3 


E 

O 

•P 

>1 


!C 

P 

D 

-P 
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u 

-p 

m 

m 

U) 

3 

P 

•p 

pi 

ra 


c: 


Figure  2.2.1  Structural  constants — flat  Pratt  trus 
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Stiffness  Matrix  Coefficients: 


^^0,AS  ^^0,BA  ~  ® 


C,  C, 


Load  Functions: 


^^A3 


War  + 


FN,,  - - a  - 


0 

—  -  a  — 


—  -  CM, 
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2 . 3  Derivation  of  the  Load  and  Stiffness  Coefficients: 

Gabled  Pratt  Truss 

2.3.1  Statics 

A  fixed  end  gabled  truss  removed  from  a  truss-frame 
system,  loaded  by  a  general  system  of  loads,  is  shown  in 
Figure  2.3.1.  Once  again,  the  basic  assumptions  made  in 
the  analysis  of  the  gabled  truss  are: 

1.  All  joints  are  pin  connected. 

2.  Truss  members  are  subjected  to  axial  loads  only. 

3.  Truss  members  and  loads  are  in  one  plane  only. 

4.  All  deformations  of  the  truss  are  small  in 
comparison  with  the  dimensions  of  the  truss. 

Under  the  action  of  loading,  the  vertical  reactions 
R,v  and  R.,  are  induced.  The  end  thrust  of  the  truss 
produces  the  horizontal  reactions  R,„  and  R..*  Since  the 
ends  of  the  truss  are  restrained,  the  end  moments  FM^j,  and 
FMg^  are  also  developed. 

The  truss  is  then  divided  at  its  centerline  as  shown 
in  Figure  2.3.2,  and  the  internal  forces  at  the  central 
section  are  then  replaced  by  an  infinitely  rigid  arm  to 
some  arbitrary  point  0,  the  elastic  center  of  the  truss. 
The  displaced  forces  are  denoted  as  V^,  and  (Figure 
2.3.2).  This  displacement  of  the  internal  forces  will 
allo'w  the  simplifications  of  the  analysis.  The  general 
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system  of  loads  is  resolved  into  two  parts,  AC  and  CB, 
each  corresponding  to  one-half  of  the  symmetrical  truss. 
The  resultants  of  the  system  of  loads  acting  on  parts  AC 
and  CB  are  denoted  as  W,  and  W2,  respectively.  The 
general  displacement  of  the  supports  are  given  by  a^^, 

0^  and  Agj(,  Ag^/  Qg  introduced.  If  we  again  assume  all 
displacements  and  reactions  to  be  positive,  the  new 
reactions,  due  to  applied  load.^^  and  internal  forces  at  the 


:ic 

center , 

0  (Figure  .'.J.2),  are: 

Rax 

—  W.  ■f' 
lx 

Ho' 

Rfix 

t 

X 

II 

Ho' 

Ray 

=  Wir  - 

(1) 

Rgr 

=  - 

Vo' 

Mab  =  -  ^'^0  + 

f'^BA  =  -  CH^  T  ay„  -  CMg- 

v;here  CM^g  and  CM.g  represent  the  cantilever  moments  of  the 
applied  loads  at  the 

There  are  six  unknown  reactions  in  Equation  I’l). 

V/ith  only  three  equations  of  static  equilibrium,  the  truss 
is  statically  indeterminate  to  the  third  degree.  The 
three  additional  equations  required  to  solve  the  problem 
must  be  derived  from  the  deformation  relationships 
corresponding  to  H^,  V^,  and  M^. 
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The  normal  force  for  any  given  member  in  the  truss  in 
terms  of  the  applied  loads  and  the  redundants  is: 

N.  =  SN.  +  a.H^  +  +  yA  (2) 

where  N.  =  total  normal  force  in  any  member, 

SNj  =  normal  force  in  any  member  due  to  loading, 

Qj  =  normal  force  in  any  member  due  to  =  1, 

P-  =  normal  force  in  any  member  due  to  =  1, 

Yj  =  normal  force  in  any  member  due  to  =  1. 

2.3.2  Least  Work 

From  the  Principle  of  Minimum  Potential  Energy: 

U,  =  (3) 

where  Uj  =  the  internal  work 

and  Ug  =  the  external  work. 

The  internal  work: 

Ui  =  U3  +  (3a) 

where  =  the  strain  energy  of  the  structure 

and  Uy  =  the  strain  energy  due  to  volume  change. 

Once  again,  the  energy  due  to  any  change  in  volume  will  be 
neglected  and  only  the  energy  of  normal  forces  will  be 
considered,  therefore: 

B 

n.^l. 

Ui  =  Us  =  2:  - 

2A.E 

A 


where  Lj  =  length  of  any  member, 

Aj  =  cross-sectional  area  of  any  member, 
E  =  modulus  of  elasticity, 


or  in  its  simpler  form  when  = 


U.  =  U,  =  2  -  A,.. 

2 

A 

The  external  work, 

U,  =  U,  ^  b' 


where  Ui  =  2  W  +  Z  W0  =  the  work  due  to  applied  loads 


and  U.  =  2  R  +  2  M0  =  the  work  due  to  reactions. 


The  work  of  the  supports  in  terms  of  reactive  forces,  and 
displacements  is: 

~  ^AX'^AX  ^AY^AY  ^A8®A  ^BX^SX  ^BA'^BY 
^'^BA®B 

substituting  from  Equations  (1): 

Ur  =  4-  (W,  +  VjA,,  -  4-  (W^  -  VJA3, 

+  (-  +  cH^  +  av^  4-  CM^c)®a  (^d; 

4-  (M^  -  cH^  +  aV^  -  CM33)©3 


From  Castigl iano ' s  theorems,  assuming  unyielding 
supports,  the  first  partial  derivative  of  the  strain 
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energy  of  a  structural  system  with  respect  to  a  redundant 
is  equal  to  zero.  Allowing  displacement  of  the  supports 
we  have  again: 


au. 

s 

au 

au 

s 

au 

1 

av 

cU 

s 

au. 

cM 

c 

ail 

The  partial  derivatives  of  Equation  (3b)  with  respect  to 
each  redundant  are: 


oU, 

S 


aN^x, 

aH. 


B 

S  N,.a,x., 
A 


au 

5^0 


3 

S 

A 


N,- 


aNiX,. 


av. 


B 

S  N,.q,.X, 
A 


B 

Z 

A 


N; 


a_^.. 

an 

o 


B 

Z  N-YiX. 
A 


(4a) 


The  partial  derivatives  of  Equation  (3d)  with  respect  to 
each  redundant  are: 
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^AX  “  ^BX  ~  ®r)  ' 


^AY  ^BY  ^  ^(®A  ^  ®b)  ' 


=  -  0A  +  ©B 


If  v;e  let 


then  Equations  (4b)  may  be  rewritten  as; 


+  C(0,  -  0J 


-  A,  +  a(0  +  0,) 


=  ©3  -  ©A 


2.3.3  Deformation  Equations 
The  deformation  equations  are  obtained  by 
substituting  Equatior s  (2),  (4a),  and  (4c)  into  Equation 

(4).  The  deformation  equations  are: 


A,  +  C(0,  -  0J  =  E  SN.a.X,  -  Z 


B  B 

+  Z  a.3,A.  +  Z  a.Y,.X,, 
A  A 


(5a) 
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B  B 

A,  +  a(0^  +  0g)  =  S  Sl^.p.X.  +  S  (S.a.X- 

A  A 

B  B 

+  S  p.%  +  2  p.y.X., 

A  A 


B  B 

-  0,  +  03  =2  SN.YiA.  +  2  YiC^iA. 

A  A 

B  B 

+  V  y.p.X.  +  2  Y,'X.. 

A  A 


(5b) 


(5c) 


Equations  (5a),  (5b),  and  (5c)  may  now  be  solved 

simultaneously  to  determine  H^,  and  These  equations 

may  be  reduced  if  H^,  V^,  and  are  applied  at  the  elastic 
center,  as  shov/n  in  Figure  2.3.2.  When  the  three 
redundant  forces  are  applied  at  the  elastic  center,  the 
terms : 


B 

2 

A 


B 

2 

A 


B 


=  S  y-a,X. 
A 


B 

A 


B 

2 

A 


Y,-/5iA, 


(5d) 


v;ill  equal  zero  in  the  case  of  a  symmetrical  truss. 

For  a  symmetrical  truss,  the  lateral  X  location  of 
the  elastic  center  is  always  at  the  mid  span. 

The  vertical,  location  of  the  elastic  center  is 


computed  by: 
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B  _  _ 

=  E  Yj  dA 
A 

B  _ 

E  dA 
A 

V;-here  Y  =  distance  from  the  crown  of  the  truss  to  the 
0 

elastic  center 

Yj  =  distance  from  the  crovm  of  the  trust  to  the 
centroid  of  the  ith  bar 
-  li 

dA  =  -  =  Aj 

A.E 

There  are  other  variations  on  the  method  for  locating 
the  elastic  center  of  a  truss  or  frame  that  will  yield  the 
same  location,  however,  this  is  the  method  used  in  this 
analysis . 

Taking  advantage  of  the  relationships  given  in 

Equation  (5d)  resulting  from  the  use  of  the  elastic 

center,  Equations  (5a,  5b,  and  5c)  reduce  to: 

B  B 

-  0g)  =  E  SNa.A.  T  E  e.^A., 

A  A 

B  B 

+  0g)  =  E  SN./3.A.  +  E  /J^^A., 

A  A 

B  B 

-  0,  +  0,  =  E  SN.Y,.Ai  -  E 

A  A 


(5e) 


29 


If  we  denote: 


Dx  =  2  SN.a^A., 
A 


Cx  =2  a.^A., 
A 


=  S  SN.p.X,, 
A 


C,  =2  /5j^A., 
A 


DG  =  E  srAyjA., 
A 


2  Y,.'A,., 


We  may  then  rewrite  the  deformation  equations  as: 

~  ®b)  “  ^o*"X' 

+  a  ( 0^  +  0g)  =  Dy  + 

-0,  +  0.  =  D,  +  M  C„. 

a,  o  ©  O  © 

Solving  for  the  three  redundants: 


H.  =  —  + 


c  (0,  -  ej 


a  (0,  +  0J 


-©A  +  ©B 


Substituting  the  results  of  Equation  (7)  into 


Equations  ( 1) , 


©X 

Rax  =  W,x  +  —  -  —  (0A  -  ©a)  -  — 

c  c  c 

V-'V  V-’V  '*'v 


Ay  a  Dy 

Ray  =  +  +  (0^  +  Gg)  - 
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Qa  -  ©b  Dq  ^  (©A  -  ©b) 

-  +  —  +  —  +  — 

c  c  c  c 

0  0  X  X 


+  —  A,  +  —  (0,  +  ej  -  a  —  +  CM„ 


^BX  ''^2X 


—  (0,  -  e^)  +  — 

^X  ^X 


Rg^  WjY 


A  y  a  D.^ 

- (®A  +  ®b)  — 

Cy  Cy 


t'^BA  -  - 


0A  -  ©8 


©0  c 


c  c 

0  X 


- (0,  -  0g) 

©x 


©X  ^  ° 

C  —  +  —  A,  +  —  (0^  +  0g)  -  a 

©X  ©Y  ©Y 


-  CMcb 


Equations  (8)  through  (13)  are  the  stiffness  equations  for 
the  gabled  truss. 

Stiffness  Matrix  Coefficients: 


^^0,AB  ■■  ^^0,BA 


^^1,AB  ^^1,BA 
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Figure  2.3.3  Structural  constants — gabled  Pratt  truss 
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2 . 4  Column  Stiffness  Coefficients  and  Load  Functions 
As  previously  stated  in  Section  2.1,  the  column 
stiffness  coefficients  v.'ill  not  be  derived  in  this  paper 
as  they  are  readily  available  in  various  undergraduate 
structural  analysis  text  books.  The  column  stiffness 
coefficients  are  the  same  as  those  for  the  standard  beam 
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element.  The  coefficients  are  shown  in  Section  2.4.1, 
accompanied  by  their  orientation  diagrams. 

Four  column  load  cases  are  shown  in  Section  2.4.2. 
These  four  load  cases  are  taken  from  class  notes  given  by 
Dr.  J.  Tuma  during  his  lectures  in  the  Theory  of 
Structures  course,  taken  by  the  v;riter  v;hile  attending 
Arizona  State  University.  These  same  four  column  load 
cases,  along  with  numerous  other  variations  of  the  load 
functions,  may  be  found  in  Dr.  J.  Tuma ' s  Handbook  of 
Structural  and  Mechanical  Matrices  (1987),  In  using  this 
handbook,  the  reader  must  remember  to  make  the  appropriate 
changes  in  the  load  applications  orientation  due  to  the  90 
degree  rotation  of  the  member  axis. 

2.4.1  Column  Stiffness  Coeff icients 


EA 

Kc.  =  — 

L 

12EI 
Kc.  =  - 

6EI 

Kc,  =  - 

C  ■5 


4EI 

L 

2EI 


L 


r 
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2.4.2  Column  Fixed  End  Forces 
P^,  Py  =  Concentrated  loads  m  =  a/L 


n  =  b/L 


V 


TS  =  + 

(l+2n)n2Py( 

’-^TB 

T  " 

‘  P 

A. 

1 

i 

^  T0 

— 

T 

a 

Ubt 

=  +(l+2n)m^P^ 

CD 

II 

n  Py 

L  Y 

1  .. 

'‘'I 

P 

X 

1 

D 

VsT 

=  +  m  Py 

TS 

mnb  Pjj 

^  eT_^ 

/ 

t 

^  BT 

Zbt 

=  -  mna  Pj^ 

1/2  L  P, 

“T  - 

1  D 

! 

Usr  = 

1/2 

L  Px 

\ 

id 

p 

^TS  =  ^ 

1/2  L  Py 

^  P 

Y 

iH 

X 

Vbt  =  + 

1/2 

L  Py 

z.,  =  + 

:  0 

1/12  L^P^ 

u 

.'I' 

♦ 

4.  X, 

^BT  -  - 

1/12 

L^P, 

eT 

-  er 


O 


Uyg  =  +  (2-n)n2b  P,/2 

^  TB 

■ 

t 

'  ^  T0 

' 

Ubt  =  + 

(l+m+m^n)b  P^^^ 

Vyg  =  4-  n  b  Py/2 

*-  p 

Y 

1  u 

In  c. 

^BT  =  + 

1/2  (2-n)b  Py/2 

Zyg  =  +  (4-3n)  nb2pjy/12 

ta  A 

V 

^sr  ~ 

(6-8n+3n-)b^Pjy/12 

BT 

Uyg  =  +  3  L  Py/20 

Vyg  =  +  L  P/6 
Zyg  =  +  L'p/30 


Ugy  =  7  L  P,/20 
Vgy  =  +  L  Py/3 

Zgy  =  -  L2p/2  0 


CHAPTER  3 


Method  of  Analysis 

3 . 1  Construction  of  the  Structural  Stiffness  Matrix 

The  structural  stiffness  matrix  is  formed  by  merging 
the  elemental  stiffness  matrices  for  the  specified  truss 
configuration  and  the  elemental  column  stiffness  matrix 
together  to  form  a  single  stiffness  matrix  (also  referred 
to  as  the  stiffness  matrix  equations) . 

Up  to  this  point,  the  reaction  and  deformation 
notation  used  in  the  derivation  of  the  truss  stiffness 
equations  have  been  R,,  R„,  M,  a,,  and  0.  We  nov;  v.'ish 

to  change  this  notation  in  order  to  conform  with  that  used 
by  Dr.  Tuma  (1987).  The  modified  nomenclature  is: 


^AX 

CD 

11 

^BX 

=  Uba 

‘=‘ax 

=  u. 

^BX 

=  Ub 

^AY 

= 

^8Y 

=  Vba 

‘=‘ay 

=  V, 

'^BY 

=  V, 

Mas 

=  Za3 

CD 

< 

CO 

II 

©A 

=  ©A 

©3 

=  e. 

In 

the  case 

where 

two  subscripts 

are  used. 

the 

first 

denotes  the  local  joint  of  interest  and  the  second 
identifies  the  terminal  end  of  the  member. 

In  a  more  general  form,  the  subscripts  L  and  R  are 
used  to  define  the  left  and  right  end  of  a  structural 
element  since  the  actual  subscripts  used  in  the  analysis 


L. 
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of  a  truss  frame  depend  on  the  manner  in  which  the  joints 
are  identified. 

In  the  case  of  the  nomenclature  used  above,  U^g  is 
the  same  as  and  Ug^  is  the  same  as  in  more  general 
terms . 

3.1.1  Procedure  of  Analysis 

The  following  is  a  step  by  step  procedure  for  the 
analysis  of  a  truss  frame  using  the  stiffness  matrix 
method . 

1.  Determine  the  geometry  of  the  truss-frame: 

a.  label  all  joints  alphabetically  and  number 
all  members, 

b.  identify  all  external  dimensions,  ensuring 
the  truss  frame  is  symmetrical  as  for  the 
cases  derived  in  Sections  2.2  and  2.3. 

c.  identify  the  length,  cross-sectional  area, 
moment  of  inertia  (I)  of  the  columns,  and 
the  modulus  of  elasticity  for  all  memibers. 

2.  Calculate  the  elastic  center  of  the  truss: 

a.  for  a  parallel  truss  the  elastic  center  is 
located  at  the  mid-depth  of  the  truss,  h/2, 
and  at  the  center  of  the  truss  span  for  a 
symmetrical  truss-frame. 

b.  for  a  gabled  truss  the  elastic  center  must 
be  calculated  from  the  equation: 
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Sy.  dA 

Vo  =  - 

SdA 

3.  Based  on  the  truss  shape  given  in  either 
Sections  2.2  or  2.3,  calculate: 

a.  truss  constants  Cj^,  C^,  and  Cg 

b.  load  constants  Dj^,  D^,  and  Dg 

c.  cantilever  moments  at  C  due  to  loads 
applied  only  to  the  truss. 

4.  Using  the  load  and  truss  constants  from  Step  3, 
calculate  for  the  specific  type  of  truss  shape; 

a.  truss  stiffness  coefficients 

b.  fixed  end  forces  and  moments 

5.  Substitute  the  stiffness  coefficients  and  fixed 
end  forces  and  momeiits  for  the  given  truss  into 
the  appropriate  elemental  truss  stiffness 
matrix,  Kt. 

6.  Calculate  the  stiffness  coefficients  and  the 
fixed  end  forces  and  moments  of  the  elemental 
column  stiffness  matrix  and  substitute  them  into 
the  elemental  into  the  matrix,  Kc. 

7.  Identify  the  unknown  displacements  for  the  truss 
frame  in  terms  of  u's,  v's,  and  e's.  Establish 
displacement  relations.  These  exist  only  in  the 
case  of  the  symmetrically  loaded  truss  frame. 
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8.  Write  the  joint  equilibrium  equations  for  each 
joint  in  the  truss-frame. 

9.  Using  the  joint  equilibrium  equations,  assemble 
the  structural  stiffness  matrix,  K' ,  by 
algebraically  adding  the  elemental  stiffness 
matrices  for  the  truss  and  colum.ns. 

10.  Solve  for  the  unknown  displacements  in  term.s  of 
u ' s ,  V ' s ,  and  0's. 

11.  Substitute  the  values  of  the  now  knov;n  u's,  v's, 
and  0's  into  the  elemental  stiffness  matrices 
and  solve  for  the  end  forces  and  moments  of  each 
of  the  members. 

It  should  be  noted  that  at  this  point  all  of  the  bar 
forces  in  the  truss  were  previously  calculated  in  Step  3 
above,  therefore,  their  analysis  has  been  already 
completed . 

3.1.2  We  begin  the  construction  of  the  structural 
stiffness  matrix  by  first  defining  the  elemental  stiffness 
matrices  for  each  type  of  truss  identified  in  Section  2 
and  for  the  columns,  all  in  terms  of  the  redefined 
nomenclature . 

All  of  the  elemental  stiffness  matrices  are  presented 
in  terms  of  the  global  X-Y  axis  system  (X  axis  horizontal. 
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Y  axis  vertical) ,  therefore,  no  rotational  transformation 
of  the  elemental  matrices  are  required  in  the  analysis. 

In  the  end,  the  solutions  for  the  unknown  displacements  in 
the  global  system  are  also  the  same  in  the  local  axis 
system. 

3.1.3  Parallel  Truss  Elemental  Stiffness  Matrix 

Before  assembling  the  elemental  stiffness  matrix  for 
the  parallel  truss,  we  will  first  rewrite  the  stiffness 
equations,  Equations  6  through  9  of  Section  2.2,  in  terms 
of  the  new  nomenclature  and  the  stiffness  factors  given  by 
Ktg,  Kt^ ,  etc.  We  will  also  introduce  the  horizontal 
reactions  U^g  and  Ug^  which  were  initially  left  out  of  the 
derivation  by  neglecting  any  axial  deformation. 

The  slope  deflection  equations  may  be  rewritten  as: 


Uab 

=  FHab 

Vab 

=  Kt^ 

^''^ab 

-  ’^ba) 

-t- 

Ktj 

(0A  +  ©b) 

+ 

K^sa 

Zab 

=  Ktj 

(^AB 

-  ^3,) 

4- 

Kt, 

©A  +  Kt^ 

©B 

+  F^^-ab 

UsA 

=  FHsa 

CO 

> 

=  Kt2 

('^AB 

-  ^ba) 

- 

Kt3 

(©A  +  ©b) 

+ 

FV 
^  BA 

Zba 

=  Ktj 

(’“'a3 

-  ^3,) 

j- 

Kt3 

©A  +  Kt, 

©B 

+  FM_, 

dA 

Writing 

these 

six 

equations  in  matrix 

form  becomes 

40 

A8 

0 

0 

0 

0 

0 

0 

'^AB 

AB 

0 

Ktj 

Kt3 

0 

-Ktj 

Ktj 

^AB 

AB 

= 

0 

Kt3 

Kt, 

0 

-Ktj 

Kt5 

0A 

+ 

FMab 

BA 

0 

0 

0 

0 

0 

0 

• 

^SA 

FHba 

oA 

0 

-Ktj 

-Kt3 

0 

Kt. 

t. 

-Kt3 

''^BA 

3A 

0 

Kt3 

Kt3 

0 

1 

rt 

04 

Kt, 

0B 

3.1.4  cabled  Truss  Elemantal  Stiffness  Matrix 
Rev;riting  the  stiffness  equation  for  the  gabled  truss 
in  terms  of  the  new  notation  and  K's: 


F’ab 

Kto 

(Uab  - 

CD 

+ 

Kt, 

Oa  - 

©b)  +  FH,3 

"•'’ab 

= 

Ktj 

(•^,3  - 

^ba) 

-r 

Kt3 

(©A 

©b)  "  FV,3 

Z,, 

= 

Kt, 

- 

Uba) 

+ 

Kt3 

(^A3  - 

v.a)  +  Kt, 

©A  -  Kt5  0. 

■r 

FMa3 

F’sa 

= 

-Ktj 

(U.s 

-  u,,) 

-  Kt, 

1  (©A  - 

■  ©b)  +  FH3, 

^‘SA 

Kt^ 

(^AB  - 

^ba) 

- 

Kt3 

(©A  + 

©b)  +  FV3, 

Z,. 

= 

Kt, 

- 

Fb:) 

+ 

Kt3 

- 

V,,)  -r  Kt. 

©A  ^  Ft,  0. 

Writing  these  six  equations  in  ter.as  of  its  matrix  form 


becomes : 
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Uab  ' 

Kto 

0 

_ft 

o 

■p 

1 

0 

-Kt, 

^AB 

Vab 

0 

Ktj 

Ktj 

0 

-Kt2 

Ktj 

Vab 

Zab 

Kt, 

Ktj 

Kt^ 

-Kt, 

-Ktj 

Ktj 

©A 

1 

< 

CD 

!  o 

-Kto 

0 

-Kt, 

Kto 

0 

Kt, 

^BA 

VsA 

0 

-Ktj 

-Kt3 

0 

Kt^ 

-Ktj 

V8A 

1 

< 

CD 

N  , 

_-Kt, 

Ktj 

Kt, 

-Ktj 

Kt^ 

®B 

u  J 

FH 


AS 


FV 


AS 


FM 


AS 


FH, 


BA 


FV, 


BA 


FM, 


BA 


3.1.5  Column  Stiffness  Matrix 

The  column  stiffness  matrix  will  not  be  derived  in  this 
paper.  Simply  stated,  the  column  stiffness  matrix  may  be 
obtained  by  applying  the  rotational  transformation  matrix  to 
the  general  case  of  the  stiffness  matrix  equation  for  the 
straight-horizontal  bar.  The  general  stiffness  matrix  for  a 
horizontal  bar  may  be  found  in  Tuma  (1987) ,  along  with  an 
explanation  of  the  transformation  matrices.  The  column 
stiffness  matrix  is: 


^TB 

Kc, 

0 

KCj 

-Kc, 

0 

KCj 

^tbI 

^TB 

0 

KCq 

0 

0 

-KCg 

^TB 

FVtb 

Ztb 

Kc^ 

0 

KCj 

-KCj 

0 

Kc^ 

Qtb 

™,B 

Ubt 

-Kc, 

0 

-KCj 

Kc, 

0 

-KCj 

^BT 

FH„ 

BT 

^BT 

0 

-KCg 

0 

0 

KCo 

0 

^BT 

FV 
^  BT 

Zbt 

KC3 

0 

Kc^ 

-KC2 

0 

KCj 

®BT 

FM 

where : 


1.  Kc  represents  the  specific  column  stiffness 
coefficients  as  opposed  to  the  previously  defined 
truss  stiffness  factors,  Kt. 

2.  U,  V,  Z,  u,  V,  and  ©  are  in  the  global  axis  system 
of  the  truss  frame. 

3.  The  subscripts,  TB  and  BT  refer  respectively  to 
the  near  end  and  far  end  of  the  column  with 
regards  to  the  member  and  forces  or  displacements 
we  are  working  with.  More  specifically,  the  top 
or  bottom. 

The  fixed  end  forces  and  moments  for  a  column  are 
presented  in  Section  2.4  along  with  the  column  stiffness 
coef  f icients . 

3.1.6  Construction  of  the  Structural  Stiffness  Matrix 

The  overall  construction  of  the  structural  stiffness 
matrix  for  a  single  truss  frame  is  contained  in  Steps  1 
through  9  of  the  Procedure  of  Analysis  (Section  3.1.5). 

Steps  1  through  6  deal  with  the  calculation  of  the 
truss  and  column  stiffness  coefficients  and  load  factors, 
and  assembly  of  the  elemental  stiffness  matrices.  Steps  7 
and  8  are  key  to  the  actual  construction  of  the  structural 
stiffness  matrix. 

Step  7  identifies  the  unknown  displacements  for  a  given 
truss  frame  in  terms  of  u's,  v's,  and  0's  and  establishes 


the  displacement  relationships.  From  the  symmetry  inherent 
in  our  particular  truss  frame,  the  displacements  of  a  joint 
on  the  right  half  of  the  truss  frame  can  be  related  to  the 
displacement  of  the  corresponding  joint  in  the  left  half  of 
the  truss. 

The  joint  equilibrium  equations  in  Step  8  form  the 
basis  for  the  structural  stiffness  matrix. 

The  joint  equilibrium  equations  are  the  summation  of 
the  forces  acting  on  each  of  the  members  connected  to  a 
specific  joint  plus  the  fixed  end  forces  and  moments  due  to 
any  loads  applied  to  those  same  members  or  in  simple  format, 
for  any  given  joint  in  a  truss  frame: 

Z  Lt  +  2  FH;  =  0 

2  Yj  +  1'  FVj  =  0 

Z  Zj  +  Z  FMj  =  0 

In  the  case  of  a  single  bay  truss  frame,  the  term  Z  Uj 

v;ill  equal  the  sum  of  (due  to  the  truss)  and  (due  to 
the  column)  at  the  joint  where  the  truss  and  column  are 
connected.  Likewise,  Z  FH^  is  the  sum  of  the  horizontal 
fixed  end  force  acting  cn  both  the  column  and  the  truss  at 
the  joint  in  question. 

Once  the  joint  equilibrium  equations  have  been  written 
for  all  joints  in  the  truss  frame  (in  terms  of  U,  V,  and  Z) , 
they  are  rewritten  in  terms  of  their  corresponding  elemental 


r 
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stiffness  equations  given  by  the  truss/column  stiffness 
coefficients,  u's,  v's,  and  ©'s. 

Next,  we  make  use  of  the  displacement  relationships  and 
the  symmetry  of  the  truss  frame  previously  found  in  Step  7. 
Selecting  either  the  left  or  right  half  of  the  structure  to 
work  with,  substitute  the  displacement  equivalents  into  the 
joint  equilibrium  equations  such  that  all  displacements 
contained  in  the  equilibrium  equations  represent  only  the 
left  or  right  half  truss  frame  displacements. 

The  structural  stiffness  matrix  can  now  be  assembled  by 
placing  the  rewritten  joint  equilibrium  equations  into 
matrix  format.  For  a  general  truss  frame,  symmetrical 
about  the  center  line,  as  shown  in  Figure  3.1.1,  the  center 
line,  as  shown  in  Figure  3.1.1, 


Ci 


Figure  3.1.1  Symmetrical  truss  frame 


the  structural  stiffness  matrix  becomes: 


Ua 

Va 

Za 

Kul 

^A 

©A 

1 

S  FM,3 

• 

“T 

Ug 

Us 

S  FHg 

^3 

2  FV3 

1 - 

03 

1 

_ 

_2  FM3_ 

v;here  represents  a  3  x  3  coefficient  matrix. 

3 . 2  Solution  for  Unknown  Displacements 

The  unknown  displacements  may  be  found  by  using  the 
structural  stiffness  matrix  developed  in  Section  3.1.6: 


"2  fh' 

Fu 

FtR 

^A 

2  FV, 

Za 

_L 

2  FM. 

M 

^■3 

"T 

2  FH3 

V3 

Frl 

Frr 

^8 

2  FV3 

( - 

N) 

C3 

1 

_ 

_2  FMg_ 

or 


(S)  =  (K)  X  (a)  +  (FEF) 

The  unknown  displacements  are  found  by  considering 
displacements  caused  by  applied  loads  or  fixed  end  forces 
As  such,  Equation  1  may  be  rewritten  as: 
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or 


(K)  X  (a)  =  (-FEF)  (4) 

The  unknown  displacements  may  be  found  by  solving 
Equation  4  in  which: 

A  =  K’’'  (-FEF) 

The  solution  may  be  to  obtain  by  Gauss  elimination,  hand 
held  calculator  capable  of  matrix  operations,  or  by  means  of 
a  computer  program  for  matrix  algebra. 

After  the  unknown  displacements  have  been  calculated, 
the  remaining  unknown  displacements  of  the  truss  frame  are 
found  using  the  displacement  relationships  defined  in  Step  7 
of  the  procedure  of  analysis  if  the  displacement 
relationships  exist. 

3 . 2  Calculation  of  End  Forces  and  Moments 

Calculation  of  the  end  forces  and  moments.  Step  11  of 
the  procedure  of  analysis,  is  accomplished  by  inserting  the 
solutions  for  the  unknown  displacements  (Step  10)  and  the 
known  (or  zero)  displacements  into  the  elemental  stiffness 
matrices  created  in  Steps  5  and  6,  earlier  in  the  analysis. 
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The  end  forces  and  moments  are  the  algebraic  sum  of  the 
appropriate  stiffness  coefficients  multiplied  by  the 
displacements  plus  the  fixed  end  force  or  moment. 

After  obtaining  the  end  forces  and  moments  for  each 
member  of  the  truss  frame,  an  equilibrium  check  should  be 
made  at  each  joint  to  ensure  equilibrium  conditions  do  in 
fact  exist.  A  free  body  diagram  is  most  useful  to 
accomplish  this. 

3 . 4  Calculation  of  Bar  Forces 

The  forces  acting  in  the  bars  making  up  the  truss  were 
previously  calculated  during  the  calculation  of  the  truss 
stiffness  coefficients  and  load  functions.  The  designer  is 
strongly  encouraged  to  make  use  of  a  table  format  during  the 
calculation  of  the  truss  stiffness  coefficients  and  load 
functions  in  order  to  better  organize  and  retain  the 
calculation  of  the  bar  forces,  SNj. 


CHAPTER  4 


Examples 

4 . 1  Example  1 — Parallel  Truss  Frame 

A  single  span  flat  Pratt  truss  frame  with  dimensions 
and  loads  shown  in  Figure  4.1.1  is  considered.  The 
modulus  of  elasticity  is  constant  for  all  members. 


3C0  it./fr 


F iqure  4.1.1  Flat  Pratt  truss  frame 


This  flat  Pratt  truss  frame  is  analyzed  by  the  procedure 
given  in  Section  3. 

1.  Figure  4.1.2  shows  the  left  half  of  the  truss 
girder.  Since  the  truss  is  symmetrical,  only  one-half  of 
it  must  be  evaluated. 


Top  Chords/Bottom  Chords 


A  =  7 . 5  in^  L  =  30  ft. 

2  L  4  X  4  X  a  =  15  ft. 

E  =  29  E6  psi 

Vertical  and  Diagonal  Members 
A  =  2.3  in‘ 

2L  2  X  2  X 

2.  The  elastic  center  of  a  flat  Pratt  truss  is 
located  at  the  center  of  the  truss  span  at  a  depth  of  h/2, 
or  in  this  case  2  feet  belov/  the  top  chord. 

3a.  Truss  Constants.  The  truss  constants  are  given 


Table  4.1.1  shows  the  properties  for  each  member  and  the 
evaluation  of  the  truss  constants. 
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Since  these  values  represent  the  truss  constants  for 
only  half  of  the  frame,  they  must  be  multiplied  by  2  for 
the  entire  frame.  Therefore  the  truss  constants  are: 

Cx  =  0 

1071 . 6 

Cy  =  - 

E 

6 

E 

3b.  Load  Constants.  The  forces  acting  on  the  truss 
are  shown  in  Figure  4.1.3  below.  The  original  distributed 
load  is  shown  as  a  series  of  equivalent  concentrated  load 
acting  at  the  joints. 
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F jqure  4.1.3  Forces  acting  on  the  flat  truss 


The  load  constants  are  given  by: 


M 

D,  =  Z  SN,/3.A, 
0 
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N 

D,  =  2  SNj.X. 

0 

Table  4.1.2  shows  the  elemental  properties,  influence 
factors,  normal  force  in  the  truss  member  due  to  loading, 
and  the  load  constants. 

3c.  The  cantilever  moments  acting  at  the  center  of 
the  truss  span  are: 

CM,^  =  [750(15)  +  1500(10)  +  1500(5)]  12 

=  405000  in. -lbs. 

CM,^  =  [750(15)  +  1500(10)  +  1500(5)]  12 

=  405000  in. -lbs. 

The  forces  acting  on  the  basic  structure  are: 


w 

Cly 

=  300  lb. /ft. 

(15 

ft.) 

=  4500 

lbs . 

w 

*  cu 

-  0 

''''iNy 

=  300  lb. /ft. 

(15 

ft. ) 

=  4500 

lbs . 

''-’in. 

=  0 

4a . 

The  truss  stiffness  coefficients  are: 

Kto  =  0 
Kt,  =  0 

Ktj  =  1/Cy  =  1/(1071. 6/E) 

Ktj  =  a/Cy  =  180/ (1071. 6/E) 

Kt,  =  1/Cg  +  aVCy  =  l/(6/E)  +  (180)  V(  1071. 6/E) 

Kt5  =  -  l/Cg  +  aVCy  =  -l/(6/E)  +  (180)  V(1071.6/E) 


Therefore,  if  we  use  E  =  29E6  psi. 


Table 
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Prat 


Kto 

0 

Kti 

= 

0 

Kt2 

= 

27062 

Kt3 

= 

4871220 

881653042 

871986375 

4b. 

The  fixed  end 

forces  and  moments  are: 

FHc. 

Wx  =  0 

Wx  =  0 

0 

FVc, 

= 

^,7  *.  -  —  ^ 

500  - =  4500  lbs. 

Cv 

(1071.6/E) 

Dv 

0 

FV 

NC 

= 

W  -  —  =  4500  +  - 

Cy 

(1071.6/E) 

De  D, 

FM„^ 

—  -  a  —  -r 

CM,, 

Ce  C, 

{71440/E) 

FM 

CN 

= 

- 

180(0)  +  405000  =  416906 

(6/E) 

De  D, 

FM^c 

-  -  a 

Cg  C, 

(71440/E) 

“  - 

-  180(0)  +  405000  =  -  416906 

(6/E) 

5  . 

The  elemental 

stiffness  matrix  for  a  parall 

trus 

s 

is  given  in 

section  3.1.3.  The  elemental 

stiffness  matrix  is  given  in  Figure  4.1.4 
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6.  The  stiffness  coefficients  for  the  columns  are: 
EA  29E6(13.2) 

K^n  =  -  =  -  =  1678947 

L  19(12) 

12EI  12 (29E6) (350) 

K.,  =  -  =  -  =  10276 

19(12) 

6EI  6(29E6) (350) 

Kj,2  =  -  =  -  =  1171514 

(19(12))  2 

4EI  4 (29E6) (350) 

K^3  = - =  -  =  178070175 

L  19(12) 

2EI  2 (29E6) (350) 

=  -  =  -  =  89035087 

L  15(12) 

The  fixed  end  forces  for  column  AC  are  calculated 


using  the  equations  given  in  section  2.4.2  for  a 
distributed  load  acting  perpendicular  to  the  length  of  the 
column : 


U.g  =  1/2  L  =  1/2  (19)  (12)  (60/12)  =  -  570  lbs. 

V/g  =  1/2  L  =  1/2  (19)(12)(0)  =  0  lbs. 

Z.g  =  1/12  P^  =  1/12  ((19)(12))‘  (-60/12) 

=  -21660  in-lbs. 

Ug^  =  1/2  L  P)(  =  1/2  (19)  (12)  (-60)  =  -  570  lbs. 

Vg^  =  1/2  L  P^  =  1/2  (19)(12)(0)  -  0  lbs. 

Zg,  =  -1/12  P,  =  -1/12  ((19)(12))2  (-60/12) 

=  21660  in-lbs. 

The  elemental  stiffness  matrices  for  columns  AC  and  PN 


are  shov/n  in  Figures  4.1,5  and  4.1.6,  respectively. 
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In  the  case  of  column  PN,  since  no  loads  are  applied  on 
the  column,  all  the  fixed  end  moments  are  equal  to  zero. 

7.  The  unknown  displacements  for  the  truss  frame  are: 


c 

o 

II 

•0 

=  • 

O 

11 

< 

Up  =  0 

< 

o 

II 

•p 

V,  =  ? 

o 

II 

< 

> 

O 

11 

CL 

> 

® 

o 

II 

•p 

0N  =  ? 

> 

II 

o 

0p  =  0 

Since  the  truss  frame  is  loaded  asymmetrically,  there 
are  no  continuity  relationships  between  the  unknown 
displacements . 

8,  The  joint  equilibrium  equations  are: 

Joint  C 


UcA 

■r 

U„  -  570  =  0 

^CA 

+ 

V,,  -  4 -'00  =  0 

ZCA 

Z,,  +  395246  =  0 

.  N 

-t- 

Unp  -  0 

- 

V,p  -r  4 -.00  =  0 

-r 

Z,p  -  4  ,6906  0 

9.  Rewriting  the  joint  equilibrium  equations  in  terms 
of  their  corresponding  elemental  stiffness  coefficients: 
Joint  C: 

U: 

10276  u,,  4-  0v„  +  1171514  e„  -  10276  u,,  +  Ov,, 

1171514  e,,  +  0U„  +  Ov,,  +  00,^,  +  Ou,, 

^  Ov,,  +  00,,  - 


570  =  0 
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V: 

0  U„  +  1678947  V,,  +  00,,  +  0v„  -  1678947  v„  +  O0„ 

+  0u„  +  27062  V,„  +  4871220  0,,  +  00,, 

-  27062  V„  +  4871220  0„  -  4500  =  0 

Z: 

1171514  u„  +  Ov,,  +  178070175  0,,  -  1171514  U„  +  0v„ 

+  89035087  0„  +  Ou,,  +  4871220  v„ 

+  881653042  0,.,  +  Ou,,  -  4871220  V,, 

+  8719S6375  0,,  +  395246  =  0 

Joint  N 

U: 

10276  U,p  +  0v,p  +  1171514  0,p  -  10276  Up,  +  OVp, 

+  1171514  0p,  +  Ou„  +  Ov„  +  0©,,  +  Ou„ 

+  ^  O0NC  =  0 

V: 

Ou,p  +  1678947  v,p  +  O0,p  -r  OUp,  -  1678947  Vp,  +  O0p, 

+  Ou,,  -  27062  V,,  -  4871220  0„  +  Ou,„  -r  27062  v„ 

-  4371220  0,,  +  4500  =  0 

Z  : 

1171514  u,p  +  Ov,p  +  178070175  ©,p  -  1171514  Up,  +  OVp, 

+  89035087  0p,  +  Ou„  +  4871220  v,, 

+  871986375  ©,,  +  Ou,,  -  4871220  V,, 

+  881653042  ©,,  -  416906  =  0 
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Making  use  of  the  known  displacements  determined  in 
step  7  above,  namely,  =  Up  =  Vp  =  0p  =  0,  the 

joint  equilibrium  equations  become: 

Joint  C 

1.  10276  U(.  +  1171514  -  570  =  0 

2.  1706010  V(,  +  4871220  ©j.  -  27062  +  4871220  ©^ 

+  4500  =  0 

3.  1171514  u^  +  4371220  v^.  +  1059723217  G^, 

-  4871220  +  871986375  ©^  +  395246  =  0 

Joint  N 

4.  10276  u^  +  1171514  =  0 

5.  -27C62  V;.  -  4871220  +  1706010  -  4871220  ©^ 

•f  4500  =  0 

6.  4871220  +  871220  ©;.  +  1171514  u^  -  4871220 

+  1059723217  -  416906  =  0 

10.  Placing  these  six  equations  into  matrix  format  as 
shown  in  Figure  4.1.7  and  solving  for  the  six  unknown 


displacements : 

u,  =  0.979738  in. 

Vj.  =  -0.002610  in. 
0J.  =  -0.008107  Rads 


u^  =  -0.921436  in. 
v^  =  -0.002750  in. 
©^  =  0.008082  Rads 
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11.  Having  solved  for  the  unknown  displacements,  the 
end  forces  and  moments  for  each  truss  frame  element  may  be 
found  by  substituting  the  displacements  into  the  elemental 


stiffness 

matrices  given  in 

Figures  4 

.1.4,  4.1.5,  and  4.1.6 

Doing  so, 

the  end 

forces  and 

moments 

become : 

Member  AC 

II 

< 

O 

0 

Uac 

=  -1140  lbs. 

VCA  = 

-4382.7 

lbs . 

Vac 

=  4382.7  lbs. 

2ca  = 

-317547 

in . -lbs . 

Zac 

=  447604  in. -lbs. 

Member  CM 

Uc.  - 

0 

U.C 

=  0 

Vc.  = 

4382.7 

lbs . 

V,c 

=  4617.3  lbs. 

317547 . 

4  in. -lbs. 

Znc 

=  -359764.1  in. -lbs. 

Member  NP 

U^P  =  -0.5  lbs.  Up^  =  0.5  lbs. 

V^p  =  -4617  lbs.  Vp^  =  4617  lbs. 

Z^P  =  359687  in. -lbs.  Zp^  =  -369893  in. -lbs. 

12.  The  free  body  diagram  of  the  truss  frame  analyzed 
in  Example  4.1  is  shown  in  Figure  4.1.8. 
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75^7 


300  lb/ ft 


V  \y  ^]|/ 


^1/  vl,-  V  -J/ 


lbs 


f>g6S?  in- lbs 


Figure  4.1.8  Free-body  diagran — example  4.1 
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4 . 2  Example  2 — Gabled  Truss  Frame 


A  single  span  gabled  truss-frame  with  dimensions  and 
loads  shown  in  Figure  4.2.1  is  considered.  The  modulus  of 
elasticity  is  constants  for  all  members. 


^00  lb/ ft 


Figure  4.2.1  Gabled  Pratt  truss  frame 

This  truss  frame  is  analyzed  by  the  procedure  given  in 
Section  3. 

1.  Figure  4.2.2  shows  the  left  half  of  the  gabled 
truss  girder.  Since  the  truss  is  symmetrical,  only  one- 
half  of  it  must  be  evaluated. 


Top  Chords/Bottom  Chords 


A  =  7 . 5  in^  L  =  30  ft. 

2  L  ^  X  4  X  h  a=15  ft. 

c  =  0.5  ft. 

E  =  29  E6  psi 

Vertical  and  Diagonal  Kembers 
A  =  2.3  in^ 

2  L  2  X  2  X  ^ 

2.  The  elastic  center  of  a  gabled  Pratt  tru' 
located  by: 

Z  y,  dA 

y'o  " 

Z  dA 

Vvhere  dA  may  be  taken  as  ^ 

11904  in. 

Vo  = - = 


220.4 


4.5  ft. 
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The  elastic  center  is  located  4.5  feet  below  the 
crown  of  the  truss  girder. 

3a.  Truss  Constants.  The  truss  constants  are  given 

by: 

Cx  =  2  a, 2/.. 

C,  =  2 

Cs  =  2 

Table  4.2.1  shov;s  the  properties  for  each  nember  and 
the  evaluation  of  the  truss  constants. 

Since  these  values  represent  the  truss  constants  for 
only  half  of  the  frame,  they  must  be  multiplied  by  2  for 
the  entire  frame.  Therefore  the  truss  constants  are: 

C,.  =  70.92/E 

C,  =  1015. 12/E 

C3  =  8.53/E 

3b.  Load  Constants.  The  forces  acting  on  the  truss 
are  shovm  in  Figure  4.2.3  below.  The  original  distributed 
load  is  shown  as  a  series  of  equivalent  concentrated  loads 
acting  ae  the  joints. 


Figure  4.2.3  Forces  acting  on  the  gabled  truss 
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The  load  constants  are  given  by: 

N 

D,  =  Z  SNja.A. 

0 

N 

D,  ==  z  sn.p.X. 

0 

N 

Dg  =  Z  SN.y^X, 

0 

Table  4.2.2  shows  the  elemental  properties,  influence 
factors,  normal  force  in  the  truss  members  due  to  loading, 
and  the  load  constants. 

The  load  constants  are: 

L\  =  -511743/E 
=0 

Dj  =  -117  2  4  4/E 

3c.  The  cantilever  moments  acting  at  the  center  of 
the  truss  span  are: 

CM,,  =  [1000(15)  +  2000(15) ]12  =  540000  in. -lbs. 

CM;.^  =  [1000(15)  +  2000(15)]  12  =  540000  in. -lbs. 

The  forces  acting  on  the  basic  structure  are: 

V'J,.  =  0 

c  j  A 

K,.,^  =  400  lb. /ft.  (15  ft.)  =  6000  ]bs. 

=  0 

NIa 

=  400  lb. /ft.  (15  ft.)  =  6000  lbs. 
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4a.  The  truss  stiffness 

coefficients  are: 

Kto  =  l/C, 

=  1/(70. 92/E) 

Kt^  =  C/C^ 

=  6/(70, 92/E) 

Ktj  =  1/Cy 

=  1/ (1015. 12/E) 

Kt,  =  a/C^ 

=  60/ (1015. 12/E) 

Kt,  =  I/C3  +  aVCy  +  CVC, 

=  1/(8. 58/E) 

+  (60)  V(1015.12/E)  +  (6)  V(70.92/E) 
Kt^  =  -  l/Cg  +  aVCy  -  cVc^  =  -1/(8. 58/E) 

+  (60) V (1011. 12/E)  -  (6) V (70. 92/E) 
If  we  take  E  =  29E6  psi, 

K.j  =  408911 

Kj,  =  2453468 

=  23568 

Kj3  =  1714083 

K,^  =  120945750 

=  84744220 

4b.  The  fixed  end  forces  and  moments  are: 


Zlf. 


FH,^  =  W, 


(-511748/E) 
70.92/E 
-511748/E 


=  7215  lbs. 


Nix 


D 

A 

C 

A 

D 


70.92/E 

0 


=  --^215  lbs. 


FV 

‘  ''CN 


=  - -  6000 


1015.12/E 


=  6000 


FV, 


NC 


=  w^,  + 

NIy 


6000  +  0 


6000 


74 


FM 


CN 


FM 

^  NC 


D, 


0 


D.. 


-  c 


-  a 


+  CM, 


ci 


''0  X  y 

-(-117244/E)  6(-511748/E) 


8.58/E  70.92/E 

540000  =  596960 


Dq  D 

—  +  c - a - CM, 


NI 


'0 


-(-117244/E)  6(-511748/E) 

-  +  - 


8.58/E  70.92/E 

540000  =  596960 


0 

180  - 

1015.12/E 


180(0) 


5.  The  elemental  stiffness  matrix  for  a  gabled 
Pratt  truss  is  given  in  section  3.1.4.  The  elemental 
stiffness  matrix  is  shown  in  Figure  4.2.3, 

6.  The  stiffness  coefficients  for  the  columns  c',re: 


Kc, 


K 


C2 


K 


C3 


K, 


4 


EA  29E6(25.6) 

—  =  -  =  2577780 

L  24(12) 

12EI  12 (29E6) (740) 

-  = - =  10780 

((24(12))^ 

6EI  6 (29E6) (740) 

-  = - =  1552370 

l2  ((24(12))2 

4EI  4 (29E6) (740) 

-  =  -  =  298055560 

L  24(12) 

2EI  2 (29E6) (740) 

-  =  -  =  149027780 

L  24(12) 


The  fixed  end  forces  for  columns  AC  and  PN  are  equal 
to  zero  since  no  load  is  acting  on  either  column. 

The  elemental  stiffness  matrices  for  columns  AC  and 
PN  are  the  same  and  shown  below  in  Figure  4.2.4. 

In  the  case  of  column  PN,  the  subscripts  CA  are 
replaced  with  NP  and  similarly  AC  are  replaced  with  PN. 

7.  The  unknown  displacements  for  the  truss  frame 

are : 


= 

“P 

^A  = 

0 

Up 

= 

■p 

■p 

^A  = 

0 

^  T 

•  P 

©r  = 

p 

= 

? 

©.  = 

0 

Since  the  truss  frame  in  this  case  is  loaded 
symmetrically,  the  following  displacement  relationships 
exist  in  the  truss  frame; 


®c  ~  ®N 

8.  The  joint  equilibrium  equations  are: 
Joint  C 

UcA  ^  WcN  +  7215  =0 

^cA  ^  +  6000  =  0 

+  596960  = 


0 


77 


78 


Joint  N 

U.c  +  -  7215  =  0 

V  +  +  6000  =  0 

Z.c  -  Znp  -  596960  =  0 

9.  Rewriting  the  joint  equilibrium  equations  in 
terms  of  their  corresponding  elemental  stiffness 
coefficients: 

Joint  C 

U: 

10730  U^,  +  Ov^,  +  1552370  -  10780  u,.  -r  Ov,. 

CA  CA  CA  mL  AL 


-r  1552370 

®AC 

+ 

408911 

+  2453468 

®CN 

- 

408911 

-  2453468 

®NC 

+ 

7215  = 

0 

OUj.^  +  2577780  +  ®®ca  ~  2577780  v.j.  + 

t-  0U(,^  +  28568  +  1714083  0,.^  +  0u^^_  -  2S56S 

+  1714083  0_  +  6000  =  0 

Nv, 

Z  : 

1552370  u.^  +  OV;.^  -r  298055560  0„  -  1552370  U^.  +  Ov^^, 
+  149027780  0.^  +  2453468  U^„  +  1714083  V.„ 

AC  CN  uN 

+  120945750  0^^  -  2453468  U^^  -  1714083 
+  84744220  0^^  +  596960  = 


0 


Joint  N 


U: 

-  408911  U(.^  +  0V(,^  -  2453468  0^,^  +  408911 

+  OV,,  +  2453468  0,,  +  10780  +  Ov,p 

+  1552370  e^p  -  10780  Up^  +  OVp^ 

+  1552370  ©p^  -  7215  =  0 
V: 

Ou^^  -  28568  -  1714083  0^^.  +  OU|jj,  +  28568 

-  1714083  0^j.  +  Ou^p  +  2577780  v^p 

•r  O^p  +  OUp^  -  2577780  Vp^  +  OOp^^  +  6000  =  0 

Z  : 


+  1714083 

+ 

84744220  ©j.^  +  2453468 

-  1714083 

+ 

120945750  0,^^. 

+  1552370 

Ov^^  +  28905556C  ©^p 

-  1552370 

'^PN 

OVp^  +  149027780  0p^ 

-  596960  =  0 

Making  use  of  the  known  displacements  determined  in 
step  7  above  and  the  displacement  relationships: 

Joint  C 
U: 

828602  Uj.  +  6459306  0^  =  -7215 

V; 

2577780  Vj.  =  -6000 

Z  : 

6459306  +  334257090  0^.  = 


-596960 
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Joint  N 

Since  we  are  making  use  of  the  symmetrical  properties 
of  the  truss  frame,  we  do  not  need  to  complete  the  joint 
equations  for  joint  N. 

10.  Placing  the  three  equations  from  Joint  C  into 
matrix  format  as  shown  in  Figure  4.2.5  and  solving  for  the 
three  unknowns: 


828602 

0 

6459306 

-7215 

0 

25777S0 

0 

i 

-6000 

1 

i_  6459306 

0 

334257090 

j 

-  ©c  - 

-  596960  _ 

Figure  4.2.6  Truss  frame  structural  stiffness  matrix 


u,  =  0.00614  in. 

Vj.  =  -0.00233  in. 

0,  =  -0.0019  Rads 

v. 

Having  solved  for  the  unknown  displacements  at  Joint  C, 
the  displacements  at  Joint  N  m.ay  be  assigned  by  the 
displacement  relationships  given  in  step  7.  Therefore, 


Uj.  =  0.00614  in. 

Uj,  =  -0.00614  in. 

Vj.  =  -0.00233  in. 

v^  =  -0.00233  in. 

0J.  =  -0.0019  Rads 

0^  =  0.0019  Rads 

11.  With  the  unknown  displacements  now  known,  the  end 
forces  and  moments  for  each  truss  frame  element  may  be  found 
by  substituting  the  displacements  into  the  elemental 
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stiffness  matrices  given  in  Figures  4.2.3  and  4.2.4.  Doing 
so,  the  end  forces  and  moments  become: 


Member  AC 

UcA  = 

-2883  lbs. 

Uac 

= 

2883  lbs. 

VcA  = 

-6006  lbs. 

Vac 

= 

6006  lbs. 

ZCA  = 

-556774  in. -lbs. 

^AC 

= 

-273621  in. -lbs. 

Member  CN 

Uc.  = 

2913  lbs. 

U.C 

= 

-2913  lbs. 

< 

II 

6000  lbs. 

= 

6000  lbs. 

ZCN  = 

556774  in . -lbs . 

= 

-558305  in. -lbs. 

Member  NP 

U.P  = 

2883  lbs. 

^PN 

= 

-2883  lbs. 

= 

-6006  lbs. 

Vp, 

= 

6006  lbs . 

2,p  = 

556774  in. -lbs. 

^PN 

= 

273621  in. -lbs. 

12.  The  free  body  diagram  of  the  truss  frame  analyzed 
in  Example  4.2  is  shown  in  Figure  4.2.7. 


CHAPTER  5 


Conclusions  and  Re  ■:oinmendations 

5 . 1  Conclusions 

The  derivation  of  the  stiffness  coefficients,  load 
functions,  and  stiffness  matrices  for  the  flat  Pratt  and 
gabled  Pratt  truss  frames  are  presented.  The  stiffness 
coefficients  and  load  functions  are  developed  through  the 
application  of  the  theorem  of  least  work  for  a  general 
flat  and  gabled  Pratt  truss.  The  standard  sign  convention 
used  in  the  development  of  the  elemental  stiffness 
coefficients,  load  functions,  and  stiffness  matrices  are 
taken  from  Tuma  (1987).  The  column  stiffness  coefficients 
are  taken  from  the  Theory  of  Structures  lectures  given  by 
Dr.  Tuma  at  Arizona  State  University.  The  application  of 
these  two  truss  stiffness  matrices  and  the  column 
stiffness  matrix  in  the  solution  of  the  truss  frame 
problem  are  illustrated  by  two  numerical  examples. 

5 . 2  Recommendat ions 

This  methodology  can  be  automated  into  a  computer 


method  of  analysis. 
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